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CENTER-UNSTABLE FOLIATIONS DO NOT HAVE COMPACT
LEAVES
F. RODRIGUEZ HERTZ, J. RODRIGUEZ HERTZ, AND R. URES
ABSTRACT. For a partially hyperbolic diffeomorphism on a 3-manifold,
we show that any invariant foliation tangent to the center-unstable (or
center-stable) bundle has no compact leaves.
1. INTRODUCTION
This article deals with the integrability of invariant distributions arising
in certain dynamical systems. The integrability of tangent distributions of
k−planes is an important problem that has been studied for more than a
century. Under certain hypotheses, there have been quite satisfactory an-
swers to the unique integrability problem. For instance, Picard’s theorem
in the one-dimensional case, and Frobenius’ theory in higher dimensions.
However, both results involve regularity of the distributions.
The problem is that, in general, distributions arising from a dynamical
system are only Ho¨lder-continuous, even if the system is smooth. There-
fore, other elements of analysis are required in order to establish necessary
or sufficient conditions for integrability.
Consider, for instance, the case of hyperbolic systems. Namely, diffeo-
morphims f : M → M for which there exists an invariant splitting of the
tangent bundle into two invariant distributions, called stable and unstable:
T M = Es⊕Eu such that, for some Riemannian metric ‖.‖ and all unit vec-
tors vs ∈ Es and vu ∈ Eu we have:
‖D f (x)vs‖< 1 < ‖D f (x)vu‖.
In this case, both distributions, stable and unstable, are uniquely integrable.
This can be achieved by applying essentially either one of the following
two methods: Hadamard’s method [8], which consists in seeing each in-
variant integral manifold as a fixed point of a contracting operator acting
in an appropriate space of functions, or Perron’s method [12], which con-
sists in applying the Implicit Function Theorem to an operator acting in an
appropriate function space.
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Here we shall focus on the integrability of some distributions arising from
a more general kind of systems, the partially hyperbolic ones. These sys-
tems involve not only a contracting and an expanding bundle as the ones
mentioned above, but also a center bundle, which has an intermediate be-
havior. Namely; a diffeomorphism f : M → M is partially hyperbolic if
the tangent bundle of M admits an invariant splitting into 3 bundles, called
respectively, stable, center and unstable bundles, T M = Es⊕Ec⊕Eu, such
that, for some Riemannian metric ‖.‖, and all unit vectors vs ∈ Es, vc ∈ Ec
and vu ∈ Eu we have
‖D f (x)vs‖< ‖D f (x)vc‖< ‖D f (x)vu‖ and ‖D f (x)vs‖< 1< ‖D f (x)vu‖
Hadamard’s and Perron’s methods can be used to show that also in this
setting, the stable and unstable bundles are uniquely integrable, see for in-
stance [4, 11]. However, it is a more delicate matter to determine wether Ec
or even Ecs = Es⊕Ec or Ecu = Ec⊕Eu are integrable.
We will say that f is cs-dynamically coherent if there exists an f -invariant
foliation tangent to Ecs. The cu-dynamical coherence is defined analo-
gously. A diffeomorphism f is said to be dynamically coherent if it is both
cs- and cu-dynamically coherent. This implies in particular that there exists
an f -invariant foliation tangent to Ec.
Partially hyperbolic diffeomorphisms are not dynamically coherent in
general. Indeed, as it was observed by A. Wilkinson in [17], a non-dynamically
coherent example is given by an algebraic Anosov diffeomorphim in a six
dimensional manifold, that was presented in the well-known survey by S.
Smale [16] and is attributed to A. Borel. In this example, the sub-bundles
are C∞, the center bundle is 4-dimensional and it cannot be integrable since
the Frobenius condition is not satisfied.
Is the lack of Frobenius condition the only reason for non-integrability
of the center bundle? What about the case of one-dimensional Ec, where
Frobenius condition is always trivially satisfied? The question of whether
a partially hyperbolic diffeomorphism existed for a one-dimensional non-
integrable center bundle remained open since the 70’s. In [15] the au-
thors answered the question negatively. They constructed examples of non-
dynamically coherent partially hyperbolic diffeomorphisms on T3. In [15],
it is also given (using the same methods) an example of a dynamically co-
herent diffeomorphism with non-locally uniquely integrable center folia-
tion. The existence of such examples contrasts with the result obtained by
M. Brin, D. Burago and S. Ivanov [2] proving that diffeomorphisms on T3
satisfying a more restrictive definition of partial hyperbolicity (the absolute
partial hyperbolicity) are dynamically coherent.
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A natural question is then: are there necessary or sufficient conditions for
dynamical coherence? In this paper we provide some necessary conditions:
Theorem 1.1. Let M be a closed 3-dimensional manifold and f : M → M
be a cu-dynamically coherent partially hyperbolic diffeomorphism. Then,
the center unstable foliation has no compact leaves.
Let us note that any compact leaf tangent to Ecu must be a torus, by
Poincare´-Hopf, due to the fact that is is foliated by lines. We shall call
cu-torus any 2-torus tangent to Ecu.
As a matter of fact, the non-dynamically coherent example [15] was in-
spired in this result. Since any center-unstable foliation cannot have a torus
leaf, we constructed a plane field that was uniquely integrable outside a cu-
torus in such a way that if a foliation existed, it should contain the torus
as a leaf. The fact that this is not possible provided the first example of
a non dynamically coherent partially hyperbolic diffeomorphism with one-
dimensional center bundle.
Observe that Theorem 1.1 does not prevent the existence of tori, even
invariant, tangent to Ecu. Theorem 1.1 asserts the impossibility of the exis-
tence of such tori as part of an invariant foliation tangent to Ecu. Indeed, in
[15] we also provide an example of a dynamically coherent partially hyper-
bolic diffeomorphism of T3 with an invariant cu-torus.
Theorem 1.1 then states that if there is a center-unstable invariant folia-
tion, no leaf can be a torus. We conjecture the converse is also true:
Conjecture 1.2. If a partially hyperbolic diffeomorphism f : M3 → M3 is
not dynamically coherent, then it admits either a cu- or an sc-torus.
In Section 2 we prove that, in fact, not every manifold can contain a cu-
or an sc-torus:
Theorem 1.3. Let f : M → M be a partially hyperbolic diffeomorphism of
an orientable 3-manifold. If there exists a torus tangent to either Es⊕Eu,
Ec⊕Eu or Es⊕Ec, then the manifold M is either:
(1) the 3-torus T3
(2) the mapping torus of −id : T2 → T2
(3) the mapping torus of a hyperbolic automorphism A : T2 → T2
This follows essentially from Proposition 2.3, where we prove that the
dynamics on any invariant torus tangent to Ecu, or Esc is isotopic to the
one generated by a hyperbolic linear automorphism. When a manifold M
admits an embedded 2-torus and a global diffeomorphism g : M → M such
that g(T ) = T and g|T is isotopic to an Anosov diffeomorphism, then we
say that M admits an Anosov torus.
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In [13], we proved that the only irreducible manifolds admitting an Anosov
torus are the ones listed in Theorem 1.3. But on the other hand, if M admits
a partially hyperbolic diffeomorphism, then M is an irreducible manifold.
See Section 2 for more details.
As a consequence of Theorem 1.3, if Conjecture 1.2 were true, then
the only manifolds supporting non-dynamically coherent diffeomorphisms
would be the ones listed in Theorem 1.3. In Proposition 2.2 we show that the
existence of a cu-torus implies the existence of a periodic cu-torus, which is
attracting. An analogous statement holds for sc-tori. Therefore, were Con-
jecture 1.2 true, all partially hyperbolic diffeomorphisms f with Ω( f ) = M
would be dynamically coherent. Hammerlindl and Potrie have proven that
Conjecture 1.2 is true for manifolds with solvable fundamental group [10];
namely, for the manifolds that are finitely covered by the ones listed in The-
orem 1.3. This is the greatest advance in Conjecture 1.2 so far. Theorem
1.1 is used in their proof.
A foliation is taut if there is an embedded circle that transversely inter-
sects each one of its leaves. Taut foliations play an important role in the
description of 3-dimensional manifolds. In Section 3 we show:
Theorem 1.4. Let Es be the strong stable bundle of a partially hyperbolic
diffeomorphism of a closed orientable 3-dimensional manifold M. If F is
a foliation transverse to Es that is not taut, then there exists a periodic cu-
torus. In particular, M admits an Anosov torus.
A foliation F like the one mentioned in Theorem 1.4 always exists, due
to Burago-Ivanov [3], see more details in Theorem 3.1. As a consequence
of Theorem 1.4, all manifolds supporting partially hyperbolic diffeomor-
phisms are finitely covered by manifolds supporting taut foliations. Perhaps
the theory of taut foliations could give some enlightening to the description
of partially hyperbolic systems (see, for instance, [5]).
2. DYNAMICS ON cu- AND sc-TORI
In this section, we shall prove Theorem 1.3, which will follow from cer-
tain dynamical properties of cu- and sc-tori.
As we said in the Introduction, a manifold M admits an Anosov torus if
there exists a diffeomorphism g : M→M and an embedded g-invariant torus
T such that (g|T )∗ : pi1(T2)→ pi1(T2) is hyperbolic. Admitting an Anosov
torus is a global property. In [13], we prove that very few 3-manifolds have
such a property.
Theorem 2.1. [13] Let M be an irreducible orientable 3-manifold admitting
an Anosov torus, then M is either:
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(1) the 3-torus T3
(2) the mapping torus of −id : T2 → T2
(3) the mapping torus of a hyperbolic automorphism A : T2 → T2
A 3-manifold admitting a partially hyperbolic diffeomorphism is always
irreducible, see [6, Lemma 6.3]. Theorem 1.3 then follows from the follow-
ing propositions:
Proposition 2.2. The existence of a cu-torus implies the existence of a pe-
riodic cu-torus.
Proposition 2.3. The dynamics on an invariant cu-torus is isotopic to hy-
perbolic.
Proposition 2.4. A manifold admitting an su-torus, admits an Anosov torus.
Proposition 2.3 is a direct corollary of Lemma 2.5 below. See also Propo-
sition 2.1 of [1] for a similar result and proof.
Lemma 2.5. Let W be a foliation of T2 with continuous tangent bun-
dle T W and invariant by a diffeomorphism g. Suppose, in addition, that
||dg|TW ||> 1. Then, g∗ : pi1(T2)→ pi1(T2) is hyperbolic.
Proof. By taking g2 if necessary we can suppose that g preserves the ori-
entation of T W . Since g preserves a foliation without compact leaves,
g∗ : Z2 → Z2 (we identify pi1(T2) with Z2) has an eingenspace of irra-
tional slope. This implies that either g∗ is hyperbolic or g∗ = Id. In the
second case g has a lift g˜ : R2 → R2 such that g˜ = Id +α where α is a
periodic, and in particular bounded, function. As a consequence we ob-
tain that there exists a constant K > 0 such that given any subset of R2, X ,
diam(gn(X)) ≤ diam(X)+ nK. Let γ be an arc contained in a leaf of W .
Then, the length of γ grows exponentially while its diameter grows at most
linearly. This implies that given a small ε > 0 there exists an iterate of γ that
contains a curve of length arbitrarily large and with end points at distance
less than ε. Using Poincare´-Bendixon we obtain a compact leaf. This is a
contradiction and then, g∗ is hyperbolic. 
Proof of Proposition 2.2. Let T be a cu-torus, and consider the sequence
f−n(T ). Since the family of all compact subsets of M, considered with the
Hausdorff metric dH , is compact, there is a subsequence f−nk(T ) converg-
ing to a compact set K ⊂ M. Therefore, for each ε > 0 there are arbitrarily
large N >> L > 0 such that dH( f−N(T ), f−L(T ))< ε.
Since T is transverse to the stable foliation, the union of all local stable
leaves of T forms a small tubular neighborhood of T , U(T ). Since stable
leaves grow exponentially under f−1, if N >> L as above are large enough,
then f−L(U(T ))⊂ f−N(U(T )). This implies that f N−L(U(T ))⊂U(T ).
6 F. RODRIGUEZ HERTZ, J. RODRIGUEZ HERTZ, AND R. URES
The set T0 =∩∞k=0 f k(N−L)(U(T )) is a periodic cu-torus. Indeed, it is easy
to see that T0 is periodic and homeomorphic to a torus. On the other hand,
for each point x of T0, its tangent space is limit of the tangent spaces of
points xk in f k(N−L)(T ), which are cu-tori. Hence TxT0 = Ecx ⊕Eux . 
Proof of Proposition 2.4. Assume f admits an su-torus, and consider the
lamination Λ of all su-tori of f . This is a compact lamination [9]. Therefore,
there is a recurrent leaf., that is, there is a torus T and an iterate n, such that
dC1( f n(T ),T ) < ε for small ε. There exists a dipheotopy it on M, taking
f n(T ) into T . Then φ = f n ◦ i1 fixes T and φ|T is isotopic to an Anosov
diffeomorphism. 
3. WEAK FOLIATIONS OF PARTIALLY HYPERBOLIC DIFFEOMORPHISMS
In this section we prove Theorem 1.4. For any partially hyperbolic dif-
feomorphism of a 3-manifold such that the invariant bundles are orientable,
Burago and Ivanov [3] have proved that there are (not necessarily invariant)
foliations that “almost” integrate Ecσ = Ec⊕Eσ, σ = s, u.
Theorem 3.1 (Key Lemma 2.2, [3]). Let f be a partially hyperbolic diffeo-
morphism of a closed 3-manifold and let E∗ be orientable for ∗ = s, c, u.
Then, for every ε > 0 there is a foliation F cσε such that T F cσε is a contin-
uous bundle and the angles between T F cσε and Ecσ are no greater than ε,
σ = s, u.
In this section we prove that these foliations, if the manifold is different
from the ones listed in Theorem 1.3, are taut. Recall that a codimension one
foliation is taut if there exists an embedded S1 that intersects transversely,
and nontrivially, every leaf of the foliation (see [5]).
Let F be a codimension-one foliation. A dead-end component is an open
submanifold N  M which is a union of leaves of F , such that there is no
properly immersed line transverse to F . That is, there is no α : [a,b]→ M
transverse to F such that α(a,b)⊂ N, α(a),α(b) ∈ ∂N.
A Reeb component is a solid torus whose interior is foliated by planes
transverse to the core of the solid torus, such that each leaf limits on the
boundary torus, which is also a leaf. Observe that the interior of a Reeb
component is a dead-end component. Other examples of dead-end compo-
nents are obtained by taking a Reeb foliation of the annulus, multiplying
by the interval and gluing the two boundary annulus using a rotation that
preserves the Reeb foliation. Observe that in both cases the boundary of the
dead-end component consists of tori. This is a general fact that is stated in
the following lemma.
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Lemma 3.2 (Lemma 4.28, [5]). Let M be a 3-dimensional orientable closed
manifold. A foliation F of M is taut if and only if it contains no dead-end
components. If N is a dead-end component, then the restriction of F to N
is transversely orientable and N \N consists of a union of tori leaves of F.
Moreover, boundary leaves of N cannot be joined by an arc in N transverse
to F .
Observe that the last assertion implies that the boundary leaves of any
dead-end component of a foliation have half-neighborhoods in N with size
uniformly bounded by below.
It is an obvious corollary of Lemma 3.2 that foliations without compact
leaves are taut. For instance, the weak stable and weak unstable foliations
of Anosov flows of 3-dimensional manifolds are taut.
Proof of Theorem 1.4. Partial hyperbolicity implies that the forward iterates
of T F converge to Ecu. Let N be a dead-end of F and let T be a boundary
component of N. Hence T is a torus, transverse to Es. All iterates f−n(T )
are tori transverse to Es. The proof follows now exactly as in Proposition
2.2.

4. PROOF OF THEOREM 1.1
Let us suppose that there exists an invariant foliation F cu tangent to Ecu,
and that F cu has a compact leaf, which must be a torus. (Then M must be
one of the manifolds listed in Theorem 1.3). By Proposition 2.2, there exists
a periodic cu-torus T . By taking an iterate, we can assume that is fixed. The
dynamics on T is isotopic to hyperbolic, due to Proposition 2.3. In [13] it
is shown that cutting M along T we obtain a manifold with boundary, that
is diffeomorphic to T2× [0,1]. Moreover, f induces a diffeomorphism g of
T2× [0,1] isotopic to A× id where A is a hyperbolic automorphism of T2
and id is the identity map of the interval [0,1]. Then, [7] implies that there
exists a semiconjugacy h : T2× [0,1]→ T2, between g and A, homotopic to
the projection p : T2× [0,1]→ T2. Observe also that h(T2×{0}) = T2.
The torus T2×{0} is foliated by a foliation S u by lines that are integral
curves of the strong unstable foliation. Call ˜S u the lift of S u to R2, the uni-
versal cover of T2×{0}. It is not difficult to see that if x, y are in the same
leaf Su of ˜S u the fact that distu(x,y) goes to infinity implies that dist(x,y)
goes to infinity (distu(x,y) is the length of the arc of Su joining x and y).
Let ¯h be a lift of h|T2×{0} to R2. Since the diameters of the sets ¯h−1(y)
are uniformly bounded and f (¯h−1(y)) = ¯h−1(Ay), we obtain that the map
¯h is injective when restricted to strong unstable manifolds. Recall that the
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image of an unstable manifold by h is an unstable manifold of A.
Let us show that the image of a center curve by h is contained in a stable
manifold of A. For this, it is enough to show that the length of the forward
iterates of the curve are bounded. Let γ be a (small) center curve and let δ be
such that W uδ (x)∩W
u
δ (y)= /0 for all x 6= y∈ γ. Let W uδ (γ)=
⋃
{W uδ (x); x∈ γ}.
Since f expands the unstable bundle we have that W uδ ( f n(γ))⊂ f n(W uδ (γ)).
But since the angle between the center bundle and the unstable bundle is
bounded by below, we have that the area of W uδ ( f n(γ)) goes to infinity as
the length of f n(γ) goes to infinity which is a contradiction. Moreover, this
implies that Ec is uniquely integrable for f |T . If this were not the case there
would exist, in the universal cover, two center curves γ1, γ2 beginning at the
same point x and cutting a nearby unstable manifold at two different points
y, z. By forward-iterating this “triangle” we would obtain that the distance
between f n(y) and f n(z) goes to infinity. Then, either the length of γ1 or
the length of γ2 goes to infinity, which contradicts what we have proved
before. Summarizing, f |T has two invariant foliation by lines, one tangent
to the unstable bundle and the other one tangent to the center bundle; the
semiconjugacy sends the unstable leaves to unstable lines of A and the cen-
ter leaves to stable lines of A. Again the distance between two points in the
same center leaf in the universal cover of T goes to infinity as the length
of the center curve goes to infinity. It is not difficult to see that this implies
that, for any y∈T2, h−1(y)∩T is a connected arc contained in a center leaf.
Let p ∈ T be a periodic point. We may assume that Jp = h−1(h(p))∩T
is a very small arc. This is easy to obtain since there are infinitely many
periodic points in different center curves. Let U ⊂ T2× I be a small neigh-
borhood of Jp, and let y ∈ h−1(h(p))∩U . We will prove that y ∈W csloc(p).
On one hand, if y /∈W csloc(p) then z = W sloc(y)∩T is not in the local center
manifold of p. On the other hand, h(z) ∈ h(W sloc(y))⊂W sloc(h(p)) is in the
local stable manifold of h(p) for A, which contradicts the fact that it is not
in the local center manifold (in T ) of p.
Let us focus on W csloc(p). The intersection of the center unstable foliation
F cu with W csloc(p) foliates W csloc(p) by center arcs. By continuity, any of these
center arcs, close enough to T , has a point of h−1(h(p)). Certainly, the same
is true for p¯, a lift of p to universal cover. We choose x1, . . . ,xN ∈W csloc(p¯)
points that are in ¯h−1(¯h(p¯)) and in different center curves. Let C > 0 be
such that diam(¯h−1(y)) <C for every y ∈ T and ε > 0 so small that if two
points are at a distance less than ε, then they are in a trivializing chart of
F cu. Now, we choose N in such a way that if N points are contained in a
set of diameter C then, at least two of them are a distance less than ε. Since
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xi
α1 ⊂W c(xi)
x j
α2 ⊂W s(x j)
Jp¯
FIGURE 1. W cs(p¯)
¯f n(¯h−1(¯h(p¯))) = ¯h−1(¯h( ¯f n(p¯))) we have that diam{ ¯f n(x1), . . . , ¯f n(xn)} <
C, ∀n ∈ Z. Then, there exists a subsequence nk → −∞ and two different
points xi and x j such that dist( ¯f nk(xi), ¯f nk(x j)) < ε, ∀k > 0. Now, take an
arc α joining xi and x j that consists of two sub-arcs, α1 beginning at xi and
tangent to the center bundle and α2 ending at x j and tangent to stable one
(see Figure 1).
For k large enough we obtain that ¯f nk(α2) is a very long stable curve,
¯f nk(α1) is contained in a leaf of ˜F cu and the extremes of ¯f nk(α) are a dis-
tance less than ε (see Figure 2).
¯f n(α2)
¯f n(α1)
¯f n(x2)
¯f n(x1)
¯Fcu( ¯f n(x1))
FIGURE 2. ¯f n(α)
Standard arguments of foliation theory imply that there is a closed curve
transverse to ˜F cu which implies the existence of a Reeb component which
is, as it is well known (see for instance [3, 14]), impossible. This finishes
the proof of Theorem 1.1.
10 F. RODRIGUEZ HERTZ, J. RODRIGUEZ HERTZ, AND R. URES
REFERENCES
[1] M. Brin, D. Burago, S. Ivanov, On partially hyperbolic diffeomorphisms of 3-
manifolds with commutative fundamental group, Modern Dynamical Systems and
Applications, B. Hasselblatt, M. Brin and Y. Pesin, eds, Cambridge Univ. Press,
New York (2004), 307–312.
[2] M. Brin, D. Burago, S. Ivanov, Dynamical coherence of partially hyperbolic dif-
feomorphisms of the 3-torus, J. Mod. Dyn., Vol. 3, 1–11, 2009.
[3] D. Burago, S. Ivanov, Partially hyperbolic diffeomorphisms of 3-manifolds with
abelian fundamental groups, J. Mod. Dyn., Vol. 2, 541–580, 2008.
[4] M. Brin and Y. Pesin, Partially hyperbolic dynamical systems. Izv. Akad. Nauk
SSSR Ser. Mat. 38 (1974), 170–212.
[5] D. Calegary, Foliations and the geometry of 3-manifolds, Oxford Mathematical
Monographs, Oxford University Press, 2007.
[6] P. Carrasco, F. Rodriguez Hertz, J. Rodriguez Hertz, R. Ures, Partially hyperbolic
dynamics in dimension 3. arXiv: 1501.00932v2
[7] J. Franks, Anosov diffeomorphisms, Global Analysis Proc. Sympos. Pure Math, Vol
XIV, Berkeley, Calif. 1968, (1970),61–93.
[8] J. Hadamard, Sur l’ite´ration et les solutions aymptotiques des e´quations
diffe´rentielles, Bull. Soc. Math. France 29, (1901), 224-228.
[9] A. Haefliger, Varie´te´s feuillete´es, Annali della Scuola Normale Superiore di Pisa,
Classe di Scienze 3, t. 16, no. 4 (1962).
[10] A. Hammerlindl, R. Potrie, Classification of partially hyperbolic diffeomorphisms
in 3-manifolds with solvable fundamental group. to appear in J. of Topology,
arXiv:1307.4631, 2013.
[11] M. Hirsch, C. Pugh, M. Shub, Invariant manifolds. Lecture Notes in Mathematics,
Vol. 583. Springer-Verlag, Berlin-New York, 1977.
[12] O. Perron, ¨Uber Stabilita¨t und asymptotisches Verhalten der Integrale von Differ-
entialgleichungssystemen, Math. Z. 29, (1928), 129-160.
[13] F. Rodriguez Hertz, M. Rodriguez Hertz, R. Ures, Tori with hyperbolic dynamics
in 3-manifolds, J. Modern Dyn. 5, (2011) 1, 185-202
[14] F. Rodriguez Hertz, M. Rodriguez Hertz, R. Ures, Partial hyperbolicity and ergod-
icity in dimension three, J. Modern Dyn. 2, 2, (2008) 187-208.
[15] F. Rodriguez Hertz, J. Rodriguez Hertz, R. Ures, A non-dynamically coherent ex-
ample in T3, to appear in Annales del’Institut Henri Poincare´.
[16] S. Smale, Differentiable dynamical systems, Bull. AMS, Vol. 73, 747–817, 1967.
[17] A. Wilkinson, Stable ergodicity of the time-one map of a geodesic flow, Erg. Th. &
Dyn. Sys., Vol. 18, no. 6, 1545–1587, 1998.
CENTER-UNSTABLE FOLIATIONS DO NOT HAVE COMPACT LEAVES 11
DEPARTMENT OF MATHEMATICS, THE PENNSYLVANIA STATE UNIVERSITY, UNI-
VERSITY PARK, STATE COLLEGE, PA 16802 .
E-mail address: hertz@math.psu.edu
IMERL-FACULTAD DE INGENIERI´A, UNIVERSIDAD DE LA REPU´BLICA, CC 30
MONTEVIDEO, URUGUAY.
E-mail address: jana@fing.edu.uy
URL: http://www.fing.edu.uy/∼jana
IMERL-FACULTAD DE INGENIERI´A, UNIVERSIDAD DE LA REPU´BLICA, CC 30
MONTEVIDEO, URUGUAY.
E-mail address: ures@fing.edu.uy
URL: http://www.fing.edu.uy/∼ures
